We use a variation on a construction due to Corner 1965 to construct (Abelian) groups A that are torsion as modules over the ring End {A) of group endomorphisms of A. Some applications include the failure of the Baer-Kaplansky Theorem for Z [X]. There is a countable reduced torsion-free group A such that IA = A for each maximal ideal / in the countable commutative Noetherian integral domain, End (A). Also, there is a countable integral domain R and a countable it-module A such that (1) R = End(A), (2) T o ®R A ^ 0 for each nonzero finitely generated (respectively finitely presented) fl-module To, but (3) T ®H A = 0 for some nonzero (respectively nonzero finitely generated) .R-module T.
INTRODUCTION
All groups considered in this paper are Abelian. The construction of groups with prescribed endomorphism ring originates with Corner's work [6] where he shows that each countable reduced torsion-free ring R is the ring of group endomorphisms of a torsion-free group A. Inspection of the proof reveals that the group A is an extension of R by a free QR-module. In [7] , the free module is replaced by a direct sum of cyclic modules that are discrete in a complete Hausdorff linear topology on R. Other realisation Theorems show that each cotorsion-free ring R is the endomorphism ring of a torsion-free group A, [8] , and again A is an extension of a free .R-module by a free Q.R-module. These constructions do not allow us to vary some of the subtler End(.A)-module structure of A.
In [14, Theorem 3 .1] we prove that if R is a torsion-free ring of finite rank and if M is a left i2-module whose additive structure is a torsion-free group of finite rank then under mild hypotheses on M there is an exact sequence
such that C is a doubley generated free left .R-module and R = End (A). While this construction allows us some flexibility in the End(A)-structure of A, it still depends upon the existence of a copy of R in M.
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T.G. Faticoni [2] To describe our results, we require some terminology. If M is a left J?-module whose additive structure is a countable reduced torsion-free group then M is called a Corner R-module. Given the left J?-module M such that annji(M) = 0, let F(QM) be the set of annhilators of finite subsets of QM. Then F(QM) generates a Hausdorff linear topology on QR. Let QR denote the completion of QiZ under this topology, and observe that QM is a left Q.R-module. Finally, let
3(M) = {q G QR | qM C M}.
Then M is a left 0(M)-module, and we let F(M) denote the set of annihilators of finite subsets of M in O(M). Our main result is THEOREM 1 . 2 . Let R be a ring and let M be a Corner R-module such that annf (M) = 0. TAere is an exact sequence (1.1) of left R-modules such that
C is a direct sum of cyclic R-submodules of M^°\ the direct sum of countably many copies of M; 2. There is a topological isomorphism O(M) = End (A) where O(M) is endowed with the topology generated by F(M) and where End (A) is endowed with the finite topology.
When F(QM) is discrete, (that is when 0 is the annihilator of a finite subset of QM), then A is a self-small group and the construction is a generalisation of [14] , which borrowed heavily from [15] . The present constructions will clone the elegant technique used in [7] to construct the short exact sequence (1.1).
Specific constructions contrast the theory of Abelian groups with the theory of modules over arbitrary integral domains. For example, let R = Z [X] and let L be a torsion (as a Z[J£]-module) Corner .R-module. Then L is the torsion iZ-submodule of a (strongly) indecomposable mixed Corner .R-module A. {A is mixed if A is not a torsion module and A contains a nonzero torsion -R-submodule.) ThiB is in contrast to the fact that no mixed group is indecomposable. Furthermore, each X-torsion Corner module L imbeds in a (strongly) indecomposable .X'-torsion Corner module. As a consequence of these examples, the Baer-Kaplansky Theorem is false for mixed Z[X]-modules and for torsion Z[X]-modules.
Our constructions also illustrate the limits of some results from the literature. For example, it is well known that if T is a right .R-module and if To ®H A = 0 for each finitely generated .R-submodule T o C T then T® R A -0. In 3.16 and 3.17 we construct a countable local commutative integral domain R and a countable .R-module A such that (1) R -End (A), (2) To ®RA ^ 0 for each nonzero finitely generated (respectively finitely presented) .R-module To, and (3) T ®R A = 0 for some nonzero (respectively nonzero finitely generated) .R-module T. [3] Torsion-free Abelian groups 179
Lastly, if A is a reduced torsion-free group of finite rank and if End (A) is either local or commutative then IA ^ A for each proper right ideal / C End (.4). However, we construct a reduced self-small torsion-free group A such that IA -A for each maximal ideal / C End (.4.) and such that End (A) is a local commutative Noetherian integral domain.
Our notation and terminology follow [3] and [15] , and information on the finite topology can be found in [15] . As usual, Z is the ring of rational integers, Q is the field of rational numbers, and given a torsion-free group G, QG is the divisible hull of G. We identify QG = Q ® Z G . The notations Horn (and End) without subscripts denote the group (ring) of group homomorphisms. Also annjt (X) = {r £ R | rx = 0 for each x G X}. See [1] for the elementary properties of ann^. We mention that if x -]TV n is an independent sum, (that is if rx = 0 implies r i ; = 0 for each i), then ann/i(a:) = annfl({x,-| i}). Also, because M is a torsion-free group anna (kF) = ann f i (F) = f\ ann fl (x) for each 0 ^ k G Z and subset F CM.
CORNER'S CONSTRUCTION
Throughout this paper, R denotes an associative ring with identity, the term module means left R-module, and M denotes a Corner module, (that is M + is a countable 
LEMMA 2 . 2 . O(M) is complete in the M-topology.
PROOF: By the observations preceeding the Lemma, a Cauchy net {T"F} C G(M) is also a Cauchy net in QR, so {TF} converges to an element f G QR, which clearly satisfies fM C M. U THE CONSTRUCTION OF A. To construct the exact sequence (1.1) we clone the process used in [7, p.66] . Unlike the proofs in [14, p.10] and [15, p.233] , the process in [7] does not require a local/global argument. There is an uncountable domain P c Z such that each element of P is a rational multiple of a unit in P , [6, Section 2] , and there is a countable subring II C P such that the following Lemma is true. LEMMA 2 . 3 . Let C C P be a set that is linearly independent over II, and let {x x \\e£}GQM.
2. a n n f l ( £ Xx x ) = a n n f i ( { x A The next Lemma constructs a direct sum of cyclic F(M)-discrete modules. Let m G M, n 6 N. By 2.6 there is a finite subset
where x,y G Q(M © JV) and r m i n i, a m i n i € QiZ. Assume without loss of generality that 7n©n E E. As in [7] , substitute (2) and (3) The rest of the proof is different enough from [7, p.67-68 ] that we give a more detailed account. However, the idea is the same: realise a given endomorphism 77: A -> A as left multiplication by the limit of a Cauchy net (sequence) in R.
LEMMA 2 . 9 . There is an isomorphism of rings O(M) = End (A).

PROOF: By 2.7.2 A is an O(M)-submodule of M. Inasmuch as TA = 0 implies rM -0 implies r = 0 for r G O(M), there is an imbedding of rings O(M) -> End (A).
We claim this imbedding is an isomorphism. [7] Torsion-free Abelian groups 183
Let rj G End (A) and let E C M be finite. By 2.4.2 there is an element UB G N such that ann f l (UB) -ann^ (E).
Next , Subsequently, the set {TE \ E C M is finite} is a Cauchy net in QJ? under the QM-topology. Let f denote the limit in Qi2 of this Cauchy net. By 2.1 rrn -VETTI = t](m) for each finite set E C QM and each TO G E. Thus [J; -f](M) = 0. Inasmuch as A C M is a reduced group, we can proceed as usual (see for example [6, 7, 8, 13, 14, 15] 
The proof of the next lemma is identical to that given in [7, p.68-69] , and is thus left to the reader.
LEMMA 2 . 1 0 . The M-topology on 6(M) is equivalent to the relativised finite topology on O(M) as a subring of End (A).
PROOF OF THEOREM 1.2: Given the Corner module M construct TV C M and A as in 2.6. Let^
R{m®n)e mn . SELF-SMALL GROUPS. A variation on the above construction produces modules A such that End (A) is discrete in the finite topology. We begin by constructing a unimodular element. shown that each finite rank Corner ring is the group endomorphism ring of a faithfully flat Corner module of finite rank. This is extended in [9] to include all cotorsion-free rings, but the cardinality of the faithfully flat Corner module is quite large. The next few results verify that such large cardinalities can be avoided when R is a Corner ring.
LEMMA 3 . 1 . Let R be a ring, let M be a Corner module such that annjt (M) = 0, and let (1.1) be the exact sequence constructed in 1.2. Assume C is a free left R-module.
Given aright End(A)-moduie N andif iV®End(^)^ 7^ 0 then
II QC is a Eat O(M)-module then A has Sat dimension ^ k as a Jeft End (A)-moduie if and only if M has Sat dimension ^ fc as a left O(M)-module.
PROOF: (1) Let E = End (A). If JV<8>B A = 0 then there is a short exact sequence
Because C is free, Q C is a flat left 25-module, and so Torg (N, Q C ) = 0. Hence N ® E M = 0. This proves part 1. 
COROLLARY 3 . 2 . Let R be a Corner ring. There is a self-small faithfully flat Corner group A such that R = End (A).
PROOF: Let M be a nonzero free left iZ-module on at most countably many generators to construct A as in 2.13, and then apply 3.1. D DIMENSIONS OVER ENDOMORPHISM RINGS. Several papers on Abelian groups investigate the existence of left R-modules A such that R -End (.4.) and such that A has specified homological dimension. (See the references in [9] .) The results in [9, Section 3] construct cotorsion-free groups of large cardinality with prespecified flat or pro jective dimension over their endomorphism ring. If the techniques from [9] are combined with our 1.2, then we can construct groups of small cardinality having prescribed dimension. THEOREM 3 . 3 . Let R be a Corner ring, and let n = wgd (R) denote the weak global dimension of R.
If R possesses a left module of Sat dimension k + 1 then there is a. selfsmall Corner group Ak such that R = End(vljt) and such that Ak has pro jective dimension k over R. 2. If n < oo then for each 0 ^ k < n there is a self-small Corner group Ak such that R = End (-4*) and such that Ak has 3at dimension k over R.
If n = oo tien there is a self-small Corner group Aoo such that R =
) and such that Ak has Bat dimension oo over R.
THEOREM 3 . 4 . Let R be a Corner ring, and let n = wgd(iZ) denote the left global dimension of R.
If R possesses a left module of pro jective dimension k + 1 then there is
a self-small Corner group Ak such that R = End(Ai) and such that Ak has projective dimension k over R.
If n < oo then for each 1 ^ k < n there is self-small Corner group Ak
such that R = End (At) and such that Ak has projective dimension k over R.
If n = oo then there is a self-small Corner group Aoo such that R -
) and such that Ak has projective dimension oo over R. 
and L is a mixed S[X]-module if L is not a torsion S[X]-module and L has nonzero torsion S[Jf]-submodule. Given Y C R let (Y) denote the ideal generated by Y, and let (Y) be the pure ideal of R generated by Y. That is (Y) is the ideal of R such that (Y)/(Y) is the torsion subgroup of R/(Y).
TORSION SUBMODULES OF MIXED MODULES.
In an abuse of terminology, we shall call L a self-small module if L is a module whose additive structure is a self-small Abelian group. 
PROPOSITION 3 . 5 . If L is a Torsion Corner S[X]-module then L is the torsion S[X]-submodule of a self-small mixed Corner S[X]-module A such that S[X] = End{A).
PROOF: Let R = S[X], (so that
PROOF: Let R = Z[X] and let
M = ®{R/(p(X))\p{X)eR}.
We claim that M is a torsion Corner module.
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700013654 [12] Clearly M is a torsion module. Let 0 ^ I = (p(X)) C R-The usual argument using the Euclidean division algorithm shows that R/I is generated as a group by the finitely many cosets X k +1 where k = 0, . . . , deg (p(X)) -1. Because these cosets are linearly independent over Z, R/I is a finitely generated torsion-free group, and hence M is a torsion Corner module, as claimed. 
As in 3.6 M is a torsion Corner module such that ann/j (M) = 0. Now, because QH is a pid the Chinese Remainder Theorem can be applied to show that Qfl is a dense subring of EndQR (QM). Futhermore, it is evident that the QAf-topology on QR is equivalent to the relativised topology on QR as a subring of EndQfi (QM). Because EndQH (QM) is a complete Hausdorff space in finite topology we have that QR S End Q fl (QM).
Lastly, it can be shown that [13]
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The S[X]-module given in 3.8 is an X-ieduced X-torsion Corner S[X]-module such that ann^x] (M) = 0, O(M) = S[X\, 3(M) = S[[X]\, and f(M) is the X-adic topology on S\[X]).
Tie S[X]-module given in 3.9 is an X-divisible X-torsion Corner S[X]-
modulesuch that a n n . 
^ (M) = 0, O(M) = S[X], 6(M) = S[[X}], and f(M) is the X-adic topolgoy on S[[X]].
that O(M) = S[[X]], so by 1.2 there is an X-torsion Corner 5[X]-module A such that M C A, End (A) = S[[X}], and A/M is a divisible group. D
The groups constructed in 3.11 are examples of strongly indecomposable countable groups with uncountable endomorphism rings. This refines a construction given in [13] in answer to a question of Reid, [16] .
The Baer (1) Use 3.5 and the module M given in 3.8 to construct a self-small mixed Corner module A such that M is the torsion submodule of A and End {A) = R. Then A is totally indecomposable. [4, 11, 12] . The following example shows that this result is not true for self-small groups A. 
